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Dual Poisson-presymplectic pair

@ How to relate Hamiltonian vector fields and inverse-Hamiltonian
vector fields in degenerated cas? (Xy = ITdH, QX" = dH)

Definition

Dual Poisson-presymplectic pair of corank m on M we call a pair (I, Q)
such that

Q kerIl = Sp{dc;, i=1,...,m}

Q kerQ=5p{Z, i=1,..,m}

e Z;(CJ') :51'1" i,jzl,...,m

@ The following partition of unity holds on TM, respectively T*M :

m m
=110+ ) Z ® dc, I =QIl+ ) de® Z.
i=1 i=1

e Observation. On any symplectic leave S of IT: (H|5)71 = Q5.
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Dual Poisson-presymplectic pair

o Let (TL, Q) be a dual pair and Xg = I1dF, QXF = dF, then

dF = QXr + Zz )dei,  Xe=XF-Y XF(q)z.
i=1 =

@ Observe that for Poisson algebra given by a dual pair (IT,Q)),
although X # XF, but

{F, G} := Q(Xr, Xg) = (OXg, Xg) = (QOXF, X¢) = (dF 11dG)
={F. G}

e For any dual pair (I, Q) :
Lx,II=0, LyrQ2=0, LzI1=0, LzQ2=0, [Z,Z]=0.
@ Non-uniqueness of dual pairs.
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Dual Poisson-presymplectic pair

Let (IT, Q)) be a dual pair with ker IT = Sp{dc;} and ker ) = Sp{Z;}. Let

Q' =0+ ) deAdf,
i=1

then (I1,Q)) is again dual pair, with ker Y = Sp{Z; + I1df;}, provided
that

11(df;, dfy) + Z;(fi) — Zi(f;) = O.
Let .

H/:H—i—ZZiAX;, QOX; = dF;,
i=1

then (IT', Q)) is again dual pair, with ker IT = Sp{dc; + dF;}, provided
that

Q(Xi, Xj) + Xj(ci) — Xi(¢j) = 0.
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Dual Poisson-presymplectic pair

o Examples.
@ 2n-dimensional phase space M = IR?>" with nondegenerated canonical
dual pair:

n
n—ZaXI a—p’ w:i;ldp,-/\dx,-, Tw = wr =1,

= 5] «=[7 7]

e Extend M — M = M x R™ with extra coordinates (ci, ..., ¢m).

Then, on M
0 /I 0 0 -/ 0
II=| -/ 00|, Q=|1 0 0
0 0O 0 0 O
kerIT = Sp{dc;}, kerQ) =S i a() )
erll = opyaciy, er P o¢; oG G) = 9j
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Dual Poisson-presymplectic pair

79
I=10+) o~ ©d
i=1 9Ci

o Gauge freedom for m = 1.

@ For any Hamiltonian vector field Xg = IldF, such that %—5 =0,
! a !/
H:H%—&/\XF, kerIT' = d(c+ F)

is dual to Q).

@ For any function f

0
Q' = Q+ dc A dF, kerQ/:&—Fde

is dual to I.
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D-compatibility

Definition

A Poisson tensor I1; is d-compatible with a Poisson tensor Iy if there
exists a presymplectic form ), dual to Iy, such that Qpl1;()g is closed.
Then, we say that the pair (ITp, I'Ty) is d-compatible with respect to Q.

Definition

A closed two-form () is d-compatible with a closed two-form () if there
exists a Poisson tensor Iy, dual to Q)g, such that ITp(1I1j is Poisson.
Then, we say that the pair (Qo, Q1) is d-compatible with respect to IT.

@ For I'lp nondegenerated:
d-compatibility <= ordinary compatibility

e wN-manifold case: (719 711) are d-compatible with respect to
wo = 7'(0_1 and (wo, w1), where wy = wpiwy, are d-compatible
with respect to 7.
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D-compatibility

@ For I'ly degenerated:
d-compatibility = ordinary compatibility

@ For implication <= an additional assumption is required, i.e. the
existence of some (), dual to I'ly, such that

Qo(LZl.Hl)Qo:O, i=1,..r.

@ From above condition follows that
m
Lzl =) W;AZ;
j=1

and hence, according to the results of Lecture lll, if a pair (Ho, 1_I1) is
d-compatible with respect to (g, then IT; is projectible onto the
foliation of Il along the distribution Z = ker ().
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Bi-inverse-Hamiltonian chains

Theorem

Assume that there exists a pair of presymplectic forms (Qg, Q1)
d-compatible with respect to some 11y dual to ()g, both of rank 2n and
co-rank m on M. Assume further, that they form bi-inverse-Hamiltonian
chains of closed one-forms

dHY = QoY) = Y™, =1 n, (5.1)
where k =1,...,r, mi + ...+ nm = n and each chain starts with a kernel
vector field Yo(k) of (g and terminates with a kernel vector field Y,Sf ) of
1. Then

QO(Y,'(k)y YJ(S)) _ Ql(y,'(k), YJ(S)) -0
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Bi-inverse-Hamiltonian chains

@ Moreover, let
Xi(k) _ HodH,-(k)

which implies that

where HodHéj) = 0. Then,

Mo(dH™, dH)y =0, X, x] =0,

! J

so the chain defines a Liouville integrable system.
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Bi-inverse-Hamiltonian chains

Any bi-inverse-Hamiltonian system (5.1) has quasi-bi-Hamiltonian
representation on any leave of Ij:

HodH(+)1 = o Y,*) =TIy (X,-(k) +) Yi(k)(Héj)>Yo(j)>
=1

= I, <le,(k) +y Y,-(k)(Héj))dHl(j)>
j=1

m

=TT ITodH ™) 2 ) (HINedHY

=

TpdH® = TTodHY) — thu "TodHY) (5.2)
j=1
where TIp = oIl and alf) = v* (H{7).
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Bi-inverse-Hamiltonian chains

e I1p is Poissson as (0o, ()1) are compatible.

@ Moreover ITp and ITj share the same Casimirs {H } so (5.2) can
be restricted to any leave S of Iy of dimension 2n:

1 dh'®) = rodh™) — sz modh!,

where 110 =I5, 11 = Ip|s ,hgk) = HI.(‘kS) , and we again landing in

bi-Lagrangian distribution of w/N-manifold, considered in Lecture Ill.
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Bi-inverse-Hamiltonian representation of Stackel systems

@ Separation relations on phase space M

Z g[), /\,, ‘u |:Alrk + h(k)()t,', nk)] = X,’(A,’, ]/l,'), = 1, ., n

) | quasi-bi-Hamiltonian chains
mdh = mo ( o Z“u dhy ) wy) = vkl (5.3)
where " 5 ) ; )
HOZ,.;BT\,-/\E)TM' NI:;AiT/\i/\TM'
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Bi-inverse-Hamiltonian representation of Stackel systems

o Consider following symplectic forms on M
wo = Zd]/l,'/\d)\,', w1 = Z)\,’dﬂ,‘/\d?\,’.
i=1 i=1

@ Observe that (719, wo) is a dual pair, (79, 11 = mMow17T0) are
d-compatible with respect to wg and (wp, w1) are d-compatible with
respect to 7Tg.

@ Quasi-bi-Hamiltonian chains (5.3) have equivalent quasi-bi-inverse
-Hamiltonian representation. Actually, multiplying (5.3) by wp we get

et = wo (xfii - D&“xf”) ,
j=1

where x{*) = rr0dh{*), wox{*) = ah(.
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Bi-inverse-Hamiltonian representation of Stackel systems

o Lift M - M, (A, u) — (A;uc) dmM =2n+m, wg — Qo,
79 — Ip, ker Qg = Sp{Y } ker ITy = Sp{dck}, (Qo,I1p) dual
pair.

o Similarly: w1 — Qp, m — Ip, X,-(k) — X,.(k), where
ker QOp = ker Q)g, kerI1p = kerIp.

@ Quasi-bi-inverse-Hamiltonian representation on M :

QDX,-(k) ( i1 Z )

@ Define a presymplectic two-form

m
O =Qp+ Y dh¥) A de
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Bi-inverse-Hamiltonian representation of Stackel systems

@ and the set of vector-fields

On M differentials dh,(k) form a bi-inverse-Hamiltonian chains

0oV =0
Qo Y¥ = anl¥ = 0, v¥

QoYW = dhl) = v H

Ng—1

0=0,Y, k=1,..m,

where (g, Q1) are d-compatible with respect to I1j.
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Bi-inverse-Hamiltonian representation of Stackel systems

@ Let us compare the construction of bi-inverse-Hamiltonian
repesentation with the construction of bi-Hamiltonian representation
presented in Lecture IV.

o Extend the oryginal Hamiltonians

B s gD — 0 i ykim)

@ Then on M, vector fields K,-(k) = HodH,-(k) form a bi-Hamiltonian
chains

TTodHY =0
TTodH¥) = X% = 11, dH

odHY = x\¥ = 11,dH
0 =IT,dHY
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Bi-inverse-Hamiltonian representation of Stackel systems

@ where
mo ,
M =T+ Y K7 A YY)
j=1
and (ITp, T1y) are d-compatible with respect to Q.
o Example. Henon-Heiles

o
1 1 1
h = §pf+§p§+qf+§q1q§,
1 1 1 1
b — — LD S 3y S Ip
2 = 592P1P2 — 5 1P =+ pRCP =+ 6%
e OnR® > (g1, 92, p1, P2, ©)

oYy =0

QoY =dhi =M1 Yy

QYo =dh, =1 V1
0=MY>,
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Bi-inverse-Hamiltonian representation of Stackel systems

where Yl = Hodhl —q1 Yo,

0
%Pz
q1
%qz
~341 — 393

(O]
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